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Abstract. In the paper, a formula for the Laplace transform of the square of Dirichlet L-functions
on the critical line is obtained.
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1 Introduction






provided the integral exists for σ > σ0 with some σ0. The function L(s) can be applied













as δ → 0. Then [1, Chap. VII],
MT (f) ∼ T logm T
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as T →∞. The latter example shows that Laplace transforms can be used in the moment
problem of zeta and L-functions. Let χ be a Dirichlet character mod q, and let L(s, χ)







Denote by χ0 the principal character mod q. Then it is well known that the function
L(s, χ0) is analytically continued to the whole complex plane, except for a simple pole at







where p denotes a prime number. If χ 6= χ0, then L(s, χ) is analytically continued to an
entire function.





∣∣L(σ + it, χ)∣∣2k dt, k ≥ 0, σ ≥ 1
2
,





∣∣L(σ + it, χ)∣∣2ke−sx dx.
The aim of this note is an explicit formula for the individual Laplace transformL(s, χ)




∣∣∣∣L(12 + ix, χ
)∣∣∣∣2e−sx dx.
In forthcoming papers, this formula will be applied for the investigation of the Mellin
transform of |L(1/2 + ix, χ)|2, for the case of |ζ(ρ + ix)|2 with 1/2 < ρ < 1, see [3].
In a series of papers, A. Ivicˇ, M. Jutila and Y. Motohashi developed the method of Mellin
transforms for the moment problem in the theory of zeta-functions, see, for example, [4].
These remarks show the motivation of the paper. For the statement of the formula, we
need some notation.










0 if χ(−1) = 1,
1 if χ(−1) = −1,
E(χ) =
{
(χ) if a = 0,





, 1(χ) = −G(χ)√
q
.


















where the function λ(s, χ) is analytic in the strip {s ∈ C: |σ| < pi}, and, for |σ| ≤ θ,
0 < θ < pi, the estimate




Let µ(m) be the Möbius function, and let γ0 denote the Euler constant.








































where the function λ(s, χ0) has the same properties as λ(s, χ) in Theorem 1.
The case q = 1 corresponds the Riemann zeta-function. Let Lζ(s) be the Laplace
transform of |ζ(1/2 + ix)|2.

















where function λ(s) has the same properties as λ(s, χ).
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2 Lemmas













Lemma 1. Suppose that χ is a primitive character mod q, q > 1. Then
l(s, χ) = E(χ)l(1− s, χ¯).
Proof of the lemma is given, for example, in [5].

































Denote by ϕ(q) the Euler totient function.







where c = c(σ0) > 0, and
E0 =
{
1 if χ = χ0,
0 if χ 6= χ0.
The lemma is Theorem 7.3.2 from [6].











holds with some c1 > 0.
Proof. The lemma is a corollary of Lemma 3 and the integral Cauchy formula.
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Γ(s)b−s ds = e−b.
The lemma is the well-known Mellin formula, see, for example, [7].
3 Proof of Theorems











L(z, χ)L(1− z, χ¯)e−iz(pi/2−s)
cos(pia2 − piz2 )
dz. (1)
















L( 12 + ix, χ)L(
1
2 − ix, χ¯) exp{−pii4 + pix2 + is2 − xs}





|L( 12 + ix, χ)|2 exp{−pii4 + pix2 − xs}





|L( 12 + ix, χ¯)|2 exp{−pii4 − pix2 + xs}








exp{pii4 − pix2 }+ exp{−pii4 + pix2 }
=
exp{pii4 − pix2 }
exp{pii4 − pix2 }+ exp{−pii4 + pix2 }
,
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|L( 12 + ix, χ)|2e−xs exp{pii4 − pix2 }





|L( 12 + ix, χ¯)|2exs exp{−pii4 − pix2 }
exp{pii4 + pix2 }+ exp{−pii4 − pix2 }
dx. (3)
















L( 12 + ix, χ)L(
1
2 − ix, χ¯) exp{−pii4 + pix2 + is2 − xs}





|L( 12 + ix, χ)|2 exp{−pii4 + pix2 − xs}





|L( 12 + ix, χ¯)|2 exp{−pii4 − pix2 + xs}




exp{−pii4 + pix2 }
exp{pii4 − pix2 } − exp{−pii4 + pix2 }
=
exp{pii4 − pix2 }
exp{pii4 − pix2 } − exp{−pii4 + pix2 }
,




|L( 12 + ix, χ)|2e−xs exp{pii4 − pix2 }





|L( 12 + ix, χ¯)|2exs exp{−pii4 − pix2 }
exp{pii4 + pix2 } − exp{−pii4 − pix2 }
dx. (5)
By estimates for L(1/2 + ix, χ) of Lemma 3, we have that the integrals in (3) and (5)
converge uniformly in compact subsets of the strip {s ∈ C: |σ| < pi}, thus, the function
λ(s, χ) is analytic in that strip.
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It remains to estimate the function λ(s, χ). Suppose that |σ| ≤ θ, where 0 < θ < pi.
First let |s| is small. Then the integrals in (3) and (5) are bounded by a constant. If |s| is












































with some c2 > 0, which follows from Lemmas 3 and 4, we obtain that
λ(s, χ) = O
(|s|−1).
So, in all cases, we have that, for |σ| ≤ θ, 0 < θ < pi,
λ(s, χ) = O
((
1 + |s|)−1).






L(z, χ)L(1− z, χ¯)e−iz(pi/2−s)
cos(pia2 − piz2 )
dz + λ(s, χ), (6)
where the function λ(s, χ) is analytic in the strip {s ∈ C: |σ| < pi}, and, for |σ| ≤ θ,
0 < θ < pi, the estimate




It remains to calculate the integral in (6). Using Lemma 1, we find




)−z+1/2 Γ( z2 + a2 )
Γ( 12 +
a
2 − z2 )
L(z, χ). (7)
Taking into account the formulas, see [8],
Γ(z)Γ(1− z) = pi
sinpiz
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we obtain that
Γ( z2 )




































2 − z2 )




























and, in view of (7), this gives













L(z, χ)L(1− z, χ¯)e−iz(pi/2−s)
















Next we prove Theorem 1.
Proof. Let χ be a non-principal character. Then the integrand in (8) is a regular function
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This, (8), (9) and (6) prove Theorem 1.
Next we prove Theorem 2.
Proof. Let χ0 be the principal character mod q. Then we have that
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has zeroes lying on the line σ = 1. Therefore, we write
∏
q(z) as a sum. Using the Möbius

















has the pole of order 2 at z = 1. Moreover, since
ζ(z) =
1
z − 1 + γ0 + γ1(z − 1) + . . . ,










(z − 1)2Γ(z)ζ2(z)(2piie−is)−z)′ = − eis
2pii
(
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This together with (11) proves the theorem.
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